INDESTRUCTIBLE COLOURINGS AND RAINBOW 
RAMSEY THEOREMS 

be" 

O ! LAJOS SOUKUP 

o 

5^ ' Abstract. We show that if a colouring c establishes u! 2 -/*[(u!i;uj)]^j then 

Qh' c establishes this negative partition relation in each Cohen-generic exten- 

■*^ sion of the ground model, i.e. this property of c is Cohen-indestructible. 

This result yields a negative answer to a question of Erdos and Hajnal: 

£NJ | it is consistent that GCH holds and there is a colouring c : \oJ2\ — ► 2 

establishing uj2-/*[(uji, w)]^ such that some colouring g : [^1] — > 2 can 
f**^ i not be embedded into c. 

^ [ It is also consistent that 2 Wl is arbitrarily large, and there is a function 

g establishing 2 UJl -/>[(cui,uj2)]t 1 but there is no uncountable g-rainbow 
^ ; subset of 2 U K 

We also show that if GCH holds then for each k G u there is a k- 
bounded colouring / : [wi] — » Wi and there are two c.c.c posets V and 
<2 such that 



> 

00 



yV |_ ay c _ c _ c _ indestructibly establishes Wi7^*[(wi;wi; 



fc-6d<2 



but 



V |= " Wi is the union of countably many /-rainbow sets 

in 

qq ■ 1. Introduction 

Erdos and Hajnal observed, in [I] , that if a graph G establishes u; 17 4 ((cu, oj\j) 
then G is universal for countable graphs, i.e., every countable graph is iso- 
morphic to a spanned subgraph of G. This result can not be generalized for 
higher cardinals because of the following result of Shelah [91 Theorem 4.1]: 

(a) Assume that k, A and r are cardinals of cofinality greater than u and G 
is a graph on k. Then the property 



[*) G establishes k-/+((\,t)) 



can not be destroyed by adding a single Cohen real, i.e. if V \= (*) then 
(b) If you add a Cohen reals to some model V then in the generic extension 
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2 L. SOUKUP 

there is a graph C on Ui which is not isomorphic to any spanned subgraph 
of some graph G from V. 

Learning this result Erdos and Hajnal raised the following question in [5j 
Problem 6.b]: Assume that a graph G establishes uj2-/*{uJ\ + iS)\. Do all 
graphs of cardinality Ni embed into G? 

We answer their question in the negative in theorem 12.41 The proof is 
based on theorem l2. 21 which says that the property "G establishes ct>2'A(( a 'ii c^))!" 
is indestructible by adding arbitrary numbers of Cohen reals to the ground 
model. 

Given a colouring / : \X\ — ► C a subset P C X is called rainbow for f 
(or f -rainbow) iff / \ [P\ is one-to-one. We also answer another question 
of Hajnal, [8J Problem 4.1], in the negative in theorem 12. 6t it is consistent 
with GCH that there is a function / which establishes w 2 -/»[(u;i;u;)]^ such 
that there is no uncountable /-rainbow set. 

In theorem 12.81 we show that it is also consistent that 2 aJ1 is arbitrarily 
large, and a function g establishes 2 a;i 7 4[(u; 1; u; 2 )]2 i suc h that there is no 
uncountable g-rainbow set. 

In the second part of the paper we deal with rainbow Ramsey theorems 
concerning "bounded" functions. A function / : [X] — > C is \x-bounded iff 
|/ _1 { c }l < fi for each c G C. 

Let us recall some "arrow" notations: 
A ^* (a)K-bdd holds iff for every K-bounded colouring of [A] there is a 
rainbow set of order type a, 

A — >* [(a; /3)] K _bdd holds iff for every K-bounded colouring c of [A] there 
is a set A C A of order type a and there is a set B C A of order type (3 
such that sup A < sup B and | [A; B] fl c -1 {£} | < k for each £ 6 ran c, where 
[A;B] = {{a,/3}:aeA,/3eS,a</3}. 

Clearly A -►* (a)«„bdd implies A ^* [(a; a)] re _ b dd- 

We say that a function / c. c. c-indestrictibly establishes the negative par- 
tition relation $t4*\1> iff 

V p |= "/ establishes $t4*^ " 

for each c.c.c poset P. 

Since a>i — > (a)| holds for a < co>i by [3], and it was proved by Galvin, [6], 

that A — ■> (a)1 implies A — >* (a)fc_ bdd , we have iO\ — >* (a)2-fedd f° r a < ^i- 
Moreover, Galvin, [6], showed that 

Theorem. CH implies that uj\-^* {uji)\_ bdd . 

On the other hand, Todorcevic, [TT], proved that 

Theorem. PFA implies that u)\ -^* {oJx)\_ bdd - 
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Abraham, Cummings and Smyth showed that MA# X is not enough to get 
u)\ ^* {uiify-bdd- More precisely, they proved the following theorem: 

Theorem ([1, Theorem 3]). It is consistent that there is a function c : 
[lui\ — ► ui which c.c.c-indestructibly establishes ^\-/^* {oj\)\_ bdd . 

They also showed that the property "c establishes ^17^* (^1)2-^" is n °t 
automatically c.c.c-indestructible: 

Theorem ([1, Theorem 4]). If CH holds and there is a Suslin-tree then 
there is a function d : [u>i] — > 2 and there is a c.c.c poset P such that 

(a) d establishes W\-f** {u>\fc_ hdd , 

(b) V p \= there is an uncountable d -rainbow set. 

We show that even the negative partition relation LUi-/**[(u)i;u)i)]k-bdd is 
consistent with MA& X for each k G u). 

Moreover, Abraham and Cumming used two different functions in their 
theorems above. We show that a single function can play double role. 

Theorem 1.1. If GCH holds then for each k G u there is a k-bounded 
colouring f : hoi] — ► uj\ and there are two c.c.c posets V and Q such that 

V v \= "f c.c.c-indestructibly establishes u)i-/**[(wi', 0Ji)]k-bdd" ', 
but 

V \= " <jj\ is the union of countably many f -rainbow sets ". 

2. On a problem of Erdos and Hajnal. 

To formulate our results we need to introduce some notations. Given two 
functions / : \X\ — ► C and d : [y] — ► C we say that d can be embedded 
into f, (d =^> /, in short), iff there is a one-to-one map $ : Y — > X such 
that d({y,y'}) = f({$(y), $(y')}) for each {y,y'} G [Y] 2 . 

Hajnal, [7J, proved that it is consistent with GCH that there is a colouring 
establishing (^27^ {oJ\ + oj)\. As it turns out, his argument gives following 
stronger result: 

Proposition 2.1. It is consistent that GCH holds and there is a function 
f : [tt> 2 ] — > uj\ establishing U2-/^[(u>i; u>)]^. 

Since Hajnal's proof was never published we sketch his argument. 

Proof of Proposition ^. 1\ Define a poset V = (P, <) as follows. The under- 
lying set P consists of triples (c, A, £) where c : [supp(c)] — ► u for some 
supp(c) G [uj2\ , A C [supp(c)] is a countable family and £ G u)\. 
Put (d, B, C) < (c, A, iff 
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(PI) c c d, A c B, £ < C, 

(P2) for each A E A and for each /3 G (supp(cf) \ supp(c)) fl minA 

tc<r[{p},A]. 

Then P is a u-complete, a;2-c.c. poset and if Q is the generic filter for V 
then g = U{c : (c,A,£) G £} establishes u>2-/*[(u>i] w)]^ in V[£/]. D 

Proposition 12.11 validates the following question of Erdos and Hajnal, [5J 
Problem 6.b]: Assume that a graph G establishes u>2-/*(uii + w)|. -Do a// 
graphs of cardinality Ki embed into G? 

To answer this question in the negative we prove a preservation theorem 
which makes us possible to apply Shelah's method from [9\ theorem 4.1]. 

Theorem 2.2. If fi < uj\ and c establishes uj2-/^[(uJi] uj)} 2 ^ then V Fn( - K ' 2 ^ |= 
"c establishes l)2-/^[{u)i;u))] 2 l . 

Proof. The following lemma is straightforward. 

Lemma 2.3. Let fi < uj\ andc : [a^l — > /-*■ The followings are equivalent: 

(1) c establishes u 2 -/*[(u)i; ou)] 2 , 

(2) V5 6 [002Y yu e /2 

\{a <minB : v £ c"[{a},B]}\ <u, 

(3)\/Be [[u 2 ] u ] U Vz/G/x 

\{a < minUS : 3B G B v £ c"[{a}, B}}\ <u. 

Assume on the contrary that the theorem fails. We can assume that we 
add just u>x many Cohen reals to V, i.e. k — u)\. We can choose £ G u 2 , 
v G fi, p G Fn(u>x, 2) and names A and B such that 

plhAe [tY 1 A B G [uj 2 \ (\" A z/ i c"[A, B]. 

We can assume that B G \Z Fn( - w ' 2 ' ) and domp C cu. For each q G Fn(u, 2) 
with g < p put 

B(q) = {( : 3r G Fn(w, 2) r < g A r lh ( G B}. 

Let B = {B(q) : g G Fn{uj, 2),q < p} and A' = {a G W2 : 3r < p r lh a G 
A}. Then A' G [£] x and B G [[a;2 \ £,} w ] ■ Hence, by lemma [2T3l there is 
a G A' such that 1/ G c"[{a}, B(g)] for each g G Bn(a;,2) with q < p. Pick 
s G Bn(a;i,2) with s lh a G A. Then v G c"[{a},B(s f a;)], i.e. there is 
(3 G 0J2 \ £ and r G Fn{uj, 2) such that r < s fw and r lh /? G B. Then 

sUr Iha G Aa/3gBA^c"L4,B], 

but c(a,/3) = v. Contradiction. D 
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Theorem 2.4. For 2 < \x < uj\ it is consistent that GCH holds and there 
is a colouring f : [o; 2 ] — > fi establishing oj 2 -/*[(uji; uj)]^ such that g ^4> / 
for some colouring g : [u>i] — > 2. 

Proof. By proposition 12.11 we can assume that in the ground model GCH 
holds and there is a function / : [u^] — ► U)\ establishing U2-/*[(u)i; u;)]^. 

If /i < uji and 7r M : u>i — ► fi is onto then / M = n^ o f establishes 
w 2 7^[(wi;o;)]J. 

Then, by Theorem 4.1], in V Fn{uj ' 2) there is a function d : [cji] 2 -> 2 
such that d j^ fp. 
Since 



yFn(a,,2) | = yr esta bUsheS U 2 -^[{uJ x ] Uj)\ 



by theorem 12.21 we are done. □ 

As it was observed by Hajnal, the construction of theorem 12.41 above left 
open the following question which he raised in [8], Problem 4.1]: 

Problem. Assume GCH holds and a colouring c : \uj 2 ~\ — ► lo\ establishes 
uj 2 -^[{uji; ui)]^ . Does there exist a c-rainbow set of size Ui ? 

Before answering this question let us recall some positive results of Hajnal. 
In [H], he proved that 



Theorem. (1) If f : kux] — >■ uj\ establishes u>i-/*[(uj, ^i)]^ then d => f 

for each d : [a;] — >■ uj\ . 

(2) If f : \u)i\ — >■ uj establishes ui-/^[(ui,uji)}I j then there exists an infinite 
f -rainbow set. 

When we colour the pairs of U\ we can not expect uncountable rainbow 
sets because of the following fact. 

Proposition 2.5. If CH holds then there is a function f : \ojA — > <jJ\ 
such that 

(1) f establishes ui-/*[(w,ui)\u, 

(2) there is no uncountable f -rainbow. 

Proof of proposition HT31 Enumerate \u>i] as {A a : uj < a < uj\} such that 
A a C a. By induction on a, uj < a < u>i, define /(£, a) for £ < a such that 

(1) a C {/(£, a):£e A p } for < a, 

(2) A /3 U {a} is not an /-rainbow for (3 < a. 

Then / satisfies (1) and (2). □ 

Next we answer P, Problem 4.1] in the negative. 
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Theorem 2.6. It is consistent that GCH holds and there is a function 
g : [co> 2 ] — >■ oj\ such that 

(1) g establishes u>2-/*[(uji; uj)]^, 

(2) there is no uncountable g-rainbow. 

Proof of theorem \2.6l The naive approach is to try to modify the order of 
the poset P from the proof of proposition 12.11 by adding a condition (P3) 
to the definition of the order: 

(P3) for each A E A and for each (3 G (supp(rf) \ supp(c)) the set A U {/?} 
is not a (i-rainbow. 

Unfortunately this approach does not work because the modified poset does 
not satisfies uj 2 -c.c. 

So we will argue in a different way. 

Define the poset P as follows. The underlying set P consists of quadruples 
(c, A, £, T>) where 

(i) c : [supp(c)] — ► io for some supp(c) G [co> 2 ] , 

(ii) A C [supp(c)] is a countable family, 
(iii) u < £ < U\, 
(iv) V C [supp(c)] x oj\ is a countable family, 

(v) V (D, a) G V (V 7 G supp(c)) \{6eD: c( 7 , 6) < a}\ = u. 

Put (d,B,C,S) < (c,A,£,V) iff 

(a) c C d, A C B, £ < C, V C 8, 

(b) for each A £ A and for each (3 G (supp(rf) \ supp(c)) fl minA 

^Cd"[{(3},A}. 

Clearly < is a partial order on P and V = (P, <) is u-complete. 

Lemma 2.7. V is u>2-c.c. 

Proof of the lemma. We say that two conditions, p = (c, A, £, T>) and p' = 
(c', A', £', V) , are twins iff there is an order preserving bijection ip : supp(c) — 
supp(c') such that 

(1) K = supp(c) fl supp(c') is an initial segment of both supp(c) and 
supp(c'), 

(2) K < supp(c) \K< supp(c') \ K, 

(3) c(£,r/) = <f(<p(£),<p(ri)) for each {£,77} G [supp(c)] , 

(4) A' = W'A :AeA], 

(5) i = £', 

(6) V> = {(<p"D,a}:(D,a}eV}. 

It is enough to show that if p and p' are twins then they have a common 
extension q = (d, B,p,8). Let B = A U A', p = £ = £' and 5 = X> U X>'. 
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We should define d(u, //) for v G supp(c) \ K and \i G supp(c') \ K. 
We enumerate all "tasks" as follows: Let 

T = {(J3, A', : 13 G supp(c) \ tf, A' e X A' c supp(c') \K,(< f '}, 

T 1 = {(7,( J D',a'),n): 7 Gsupp(c)\K, 

(£>', a') eV'\V, \D' \K\=u,n<u} 
and 

T 2 = {(7 , ,( J D,a),n): 7 'Gsupp(c')\ir, 

(D, a) eV\V',\D\K\=to,n< uj}. 

Since T = 7oUTiUT 2 is countable we can pick pairwise distinct ordinals 
{i] x : x G T} such that 

(a) if x = {(3, A', C) G % then ^ G A', 

(b) if a; = (7, (£>', a') , n) G T x then r] x e D' \ K, 

(c) if x = (y, (D, a) , n) G T 2 then rj x eD\K. 

Choose a function d : [supp(c) U supp(c')] — ► u>\ such that 

(1) rfDcUc', 

(2) d(/3,J7 x ) = Cforx=(/3,A',C>e75, 

(3) d( 7 , 77,) = for x = (7, (£>', a') ,«)£!, 

(4) d(y, 77J = for x = (7' , (£>, (7) , n> 6 T 2 . 

Let g = (d,B,i],S). To show g G P we should check only condition (v). 
So let (-0,0-) G £ and 7 G supp(cf). Assume that (D,a) G P. (The case 
(D, a) G P' is similar.) 

If 7 G supp(c) then d \ [{7}, D] = c \ [{7}, D] so we are done. So we can 
assume that 7 G supp(c') \ -fY. 

If D \ K is finite then the set 

£ = {5 G D n K : c(«S, V _1 (7)) < <?} 

is infinite because p E P satisfies (v) and for each S G E we have <i(<5, 7) = 
c'(<5, 7) = c'(<p(<5),7) = c(<5, (^~ 1 (7)) < a. So we can assume that D \ K is 
infinite. 

In this case x n = (7, (D, a) , n) G T 2 for n G a;, so ^(7, ^J = < <x and 
{%„ :«^}6 [£>] w . 

So q G P. 

It is straightforward that q < p because no instances of (b) should be 
checked. 

Finally we verify q < p' . Since condition (a) is clear, assume that A' G 
A! and (3 G supp(c) \ K with j3 < minA'. Since sup K < (3 we have 
A' C supp(c') \ K. Hence for each ( < £ we have a; = (/3, A f , E T so 
d((3, Vx ) = (. Thus£cd"[{/3},A']. 
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This completes the proof of the lemma. □ 

Let Q be the generic filter for V and put g = U{c : (c, A, £) G Q}. 
Claim: g establishes W2-/*[(wi, u;)]^, inV[Q]. 

Indeed, let p = (c, .A, £, P) G P. If A G [supp(c)] and r) G u>i then 
p' = (c,»4U {^4}, rnax(£, rj),V) < p and for each /3 G min A \ supp(c) 

p'^VCg"[{P},A]. 

Claim: There is no uncountable g-rainbow set in V[Q]. 

Indeed, assume that po II" X G [cj 2 ] *■ Since V is a-complete there are 
P < Po, P = (c,A,(,,T>), and P G [supp(c)] such that p \\- D C X. 
Let p' = (c,A,£,T>U {(D, (supran(c)) + 1)}.). Then p' G P and p' < p. 
Moreover 

p' \\- X is not a g-rainbow. 
Indeed, work in V[Q], where p' G Q. Write X = {£„ : v G uji}. Then for 
each z/ < u there is 7^ < sup ran(c) + 1 and 5 U G D with g(5 u , £ v ) = j v . Then 
there are v < /i < u t with 7^ = 7^. Then ^(^,^„) = 7^ = 7 M = tfOW/*) 
and £„ 7^ £ M , i.e. X is not a g-rainbow. 

So, by the claims above, g satisfies the requirements of the theorem. □ 

Baumgartner proved that if CH holds, P = Fn( [k] ,uji',Ui) for some 
cardinal k > 002, and Q is the generic filter above P, then the function 
g = UQ establishes ^^[(^i,^)]^- We prove a related result here. 

Theorem 2.8. If CH holds and k > 002 is a cardinal then there is a o- 
complete, U2-C.C. poset P such that in V p there is a function g : [«] — > oj\ 
such that 

(1) g establishes k-/*[(u>i, ^2)]^- 

(2) there is no uncountable g-rainbow subset of k. 

Proof. Define the poset P as follows. The underlying set P consists of pairs 
(c, T>) where 

(i) c : [supp(c)] — >■ oJ for some supp(c) G [k\ , 
(ii) T> C [supp(c)] x ui is a countable family, 
(iii) V (D, a) G V (V7 G supp(c)) \{5 E D : c( 7 , 5) < a}\ = u. 
Put (d, £) < (c, V) iff c C d and £> C 5. 
Then < is a partial order, and V is a-complete. 

We say that two conditions, p = (c,T>) and p' = (c',V), are twins iff 
there is an order preserving bijection tp : supp(c) — > supp(c') such that 

(!) <p(i) = £ for £ G supp(c) n supp(c'), 

(2) c(£,r?) = d(<p(£),<p(ri)) for each {£,??} G [supp(c)] , 

(3) V' = {( V "D,a):(D,a}eV}. 
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Lemma 2.9. Assume that p = (c,T>), p' = (c',V) are twins. Let q < p, 
q = (d,£), such that supp(cf) fl supp(c') = supp(c) fl supp(c'). Let A G 
[supp(cf) \ supp(c')] , £ G supp(c') \ supp(c) and p < oj\. Then there is a 
common extension r = (c r ,P r ) of q and p' such that p C c"[{£}, A]. 

Proof of the lemma. Write K = supp(c) fl supp(c') and fix the function ip 
witnessing that p and p' are twins. Let 

% = p, 

T x = {(7,{D / ,a'),n) : 7 G supp(d) \ K, (D', a') eV',\D'\K\ =w,new}, 
T 2 = {(7', (P,cr),n) : 7' G supp c' \ K, (E, a) eS,\E\K\ =u,neu}. 
Since T = 7^U7^U7^is countable we can pick pairwise distinct ordinals 

{r) x : x G T} such that 

(a) if x = x £ P then r] x G A, 

(b) if x = (7, (P, 0-) , n) G Ti U T 2 then r] x eD\K. 
Let c r D d U c u such that 

(i) c r (r) x , = X if z = X e ^0, 
(ii) cvfe, 7) = if (7, (P, <7>,n)eT UTi. 

To prove r = (c r , X>' U 5) G P it is enough to check condition (iii). 

Assume first that (P, a) G T>' . 

If 7 G supp(c') then c r \ [{7},/^] = c' \ [{j},D] so we are done. So we 
can assume that 7 G supp(d) \ K. 

If D \ K is finite then (</? _1 P, cr) G I? C 5, and P n K = ip^D n if, so 
the set 

/J = {S G P n K : d(5, 7) <a} 

is infinite because q G P satisfies (iii), and H G {5 E D : c r (S, 7) < cr}. 

So we can assume that D\K is infinite. In this case x n = (7, (P, a) , n) G 
Tl for n G a;, so c r (7, r] Xn ) = < cr and {^ : n G cj} G [P] . 

Assume now that (D,o~) G S. 

If 7 G supp(ci) then c r \ [{ r y},D} = d \ [{ r y},D] so we are done. So we 
can assume that 7 G supp(c') \ K. 

If D \ K is finite then 7' = y?" 1 ^) G supp(c) C supp(cf) and q G P imply 
that the set 

# = {e g P n if : d(e, 7') < cr} 

is infinite. But for each e G H we have c r (e, 7) = c'(e,7) = c(e, 7') = 
d(e, 7'). So we can assume that P \ if is infinite. 

In this case x n = (7, (P, cr) , n) G T 2 for n G u;, so c r (7, 77^) = < cr and 
{r] Xn : n E u} E [D] w . 

So r G P and clearly r < q,p'. 

Finally for each ( < p we have r/^ G A and c r (£,?^) = £. So p C 
c'MhA}. " D 
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Lemma 2.10. V is U02-C.C. 

Proof of the lemma. Since any family of conditions of size 002 contains two 
conditions p and p' which are twins we can apply the previous lemma to 
yield that p and p' are compatible in P. □ 

Let Q be the generic filter for V and put g = U{c : (c, A, £) G <?} 

Lemma 2.11. g establishes u>2-/^[(u>i; 0)2)]^ in V[Q]. 

Proof. Assume that p lh X = {£ v : v < U2} G [«] 2 , F G [«] . 

For each p < u>i we will construct a condition r < p such that r lh p C 

</'[*, n 

Write p = (c,V). For each z/ < uj 2 pick p„ = (c u ,V u ) < p such that 
Pu II" ^1/ = £v fc> r some £„ G supp(c^). Since CH holds there is I G [0*2] 
such that 

(1) {supp(c J/ ) : 1/ G 1} forms a A-system with kernel K, 

(2) for each {v, p} G [l] the conditions p y and p M are twins. 

Since P satisfies a; 2 -c.c we can assume that £, u G supp(cy) \ K for v G /. 

Fix fi & L Pick a condition g < p M , g = (d,S), such that g lh Z C Y 
for some Z G [supp(<f) fl (k\K)] . Choose v G I such that supp(c„) fl 
supp(d) = K. 

By lemma [2T91 there is a condition r = (c. r , T> v U £) G P such that r < q,p u 
and p C <[{U, ^]- Then r lh p C <[{£,}, Z] C g"[X, Y}. D 

Lemma 2.12. There is no uncountable g-rainbow set in V[Q]. 

Proof. Indeed, assume that po lh X G [cj 2 ] *• Since "P is cr-complete there 
are p < Po, p = (c,T>), and D G [supp(c)] such that p \\- D C X. Let 
p' = (c,DU {(-D, (supran(c)) + 1)}.). Then p' £ P and p' < p. Moreover 

p' lh X is not a g-rainbow. 

Indeed, work in V[G], where p' G Q. Write X = {t; u : v G UJ\}. Then for 
each z/ < uj there is 7^ < sup ran(c) + l and 5 U G D with <7(5„, ^) = 7„. Then 
there are v < p < wi with 7^ = 7^. Thus g{6 u ,£ v ) = lv = 1^ = g(^,^) 
and ^i/ 7^ £ M , i.e. X is not a g-rainbow. D 

So, by the lemmas above, g satisfies the requirements of the theorem. 

□ 

3. /c-BOUNDED COLOURINGS 

Definition 3.1. Let X G [WP, / : [X] 2 -* Wl , k G w. 
(a) / is k-bounded iff |/ -1 {7}l < k for each 7 G ran(/). 
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(b) Put 

V {k \X) = {De [[X] k ]^ : dnd' = for each {d, d'} G [D] 2 }. 

(c) For DeV {k) (X) let 

Hom(A f) = {a:VdeD (V«J, 5' G d) /(<J, a) = /(<$', a)}. 

(d) Given any cardinal \x let 

Djf)(X) = {(A : % < ») C V (k) (X) : (UA) n (UD^) = for i < j < /i}. 

(e) / is an AR^ -function iff 

(i) / is fc-bounded, 
(ii) for each (A : i < uj) G ID)^(X) there is 7 < uj x such that 

X \ 7 C U{Hom(A, /) : % < w}. 

Observation 3.2. ^4n AR^ -function f : [u>i\ — > uj± establishes the neg- 
ative partition relation uj 17^* [(uj;uji)]k-bdd- 

Proof. Assume that A G [o>i] and B G [wi] *. Pick pairwise disjoint sets 
{di : i < uj} C [A] . Write A = {d;} and D = (A : i < v). Since D G 
D^^cji) and / is an AR (fc) -function there is (3 G B such that /3 G Hom(A, /) 
for some i < uj, which means that \f"[di, {P}}\ = 1- Since dj G [A] we are 
done. D 

Lemma 3.3. If CH holds then for each k G uj there is an AR^ -function 
f : [wj -►wi. 

Proof. The construction is standard. Let {C a : uj < a < c<Ji} C [uj\\ be 
disjoint sets. Fix an enumeration (D a : uj < a < uj\ \ of D^ (wi) such that 



UUD a Ca. 

Let a < uj\ be fixed. For each £ < ct pick i^ £ uj such that the sets 
{U(5^(^)) : £ < a} are pairwise disjoint. Choose a function g a : a — > C a 
such that 

(*) S'a(^) — 9a(o~') iff {^, ^'} G [0?] for some £ < ct and d G A(i^). 

For <5 < a let /(<5, a) = # a (5). □ 

Theorem 3.4. If GCH holds and f : [u^] — ► k>i zs an AR^ -function then 
there is a c.c.c. poset P such that 

V p |= / c.c.c- indestructibly establishes uji-^*[(uji, uji)]k~bdd- 

Although an AR( fc )-function establishes oj\-/+*[(oj\ uJi)]k-bdd but there is no 
function which c.c.c-indestructibly establishes uji-/^*[{uj; uJi)}k-hdd because 
Martin's Axiom implies uj\ — >* {{uj,uj 1 ))\_ hdd . 



12 L. SOUKUP 

Theorem 3.5. If GCH holds and f : [a;i] — > a>i zs an AR^' -function then 
there is a set X G [u>i\ x and a c.c.c. poset Q such that 

V® |= X has a partition into countably many f -rainbow sets. 

Before proving the theorems above we need to introduce some notions. 

Given a set x denote TC(x) the transitive closure of x. Let k be a large 
enough regular cardinals, (k = (2 UJl ) + works). Put H K — {x : | TC(x)| < k} 
and 7i K = (H K , G, -<), where -< is a well-ordering of H K . 

Definition 3.6. (a) A sequence N = (N a : a £ A) of countable, elementary 
submodels of 7i K is called an A-chain iff A C ui and whenever a, (3 G A 
with a < (3 we have N a G Np. 

(b) Suppose that N = (N a : a G A) is an A-chain and V Cwi. We say 
that Y is separated by N iff for each C G [V] there is an a G A with 

|JV Q nc| = i. 

Lemma 3.7. Assume that f is an AR^ -function. If (N m : m < n) is an 
elementary n + 1-chain, f G No, -Do, • • • , D n _i G B^(u;i) fl No, and a m G 
N m+ i \ N m for m < n then the set 

{i < oj : Vm < n a m G Hom(D m (i), /)} 

is infinite. 

Proof. We prove the lemma by induction on n. So assume that the set 

I = {i < u : Vm < n — 1 a m G Hom(.D m (i), /)} 

is infinite. (If n — 1 then I = uo). 

Write I = {ij : j G u} and for each £ < u> put 

# = (D„-i(i;) : * < .7 < u>) ■ 
Since / is AR (fc) and E e G O^^i), there is 7^ < wi such that 

u ± \ 7£ C U{Hom(D n _ 1 (i i ), f):jeu\ £}. 
So if we take 7 = sup{7^ : £ < w} then for each a G UJ\ \ 7 the set 
J a = {iel :ae Hom(D n _i(i), /)} 

is infinite. 

Since /, D , . . . , D n _ 1 , a , . . . , a„_2 G iV n _i we have I G iV n _i and so E e G 
A^ n _! as well. Thus (7^ : £ < c<j) G iV n _i and so 7 = sup (7^ : £ < c<j) G iV n _i 
as well. Hence a n _i G N n \ iV n _i C c<Ji \ 7 and so J a „_i is infinite. 

But 

i«„_! = {« < a; : Vm < n a m G Hom(D m (i), /)}, 
so we are done. □ 
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Proof of thereon WTR Let iV = (Ag : £ < u\) be an c^-chain with / G AT 
and let X G [u;i] x be iV-separated. 
Define the poset Q = (Q, <) as follows: 

Q = {q G Fn(X,uj) : q~ l {n} is /-rainbow for each n G rang}, 

and let q < q' iff q D q'. 

Lemma 3.8. Q satisfies c.c.c. 

Proof of the lemma. Assume that {q v : v < uji} C Q. 

Let x v = domg,,, L v = ra.nq u , and x v j = q^J 1 ^} for £ £ L u . 
We can assume that 

(1) {x u \ v < uj\\ forms a A system with kernel x, 

(2) x < x^ \ x < x^ \ x for ( < £ < Wi, 

(3) L u = L for each f < u>i, 

(4) g^ f [x\ = q for each z/ < u>i, 
For C G c^i let 

F(() = {£ < wi : /" [s c , x c \ x] n /"[a*, x c \ x] ^ 0}. 

Since / is fc-bounded, -F(C) is finite, and so there is an F-free set Z = {Q : 
i < u>i} G [u>i] \ 

For s G co>i let p(x) = min{i/ : x G A^}. For each £ G X pick c^ G [u>i] 
such that £ G <i^ and p(r/) = p(£) for each 77 G d^. 

For ( G Z let D ( = {d^ : £ G x c \ x}. 

Let /3 = (D c . : 2 < uo). Clearly D G DJj^Wi). 

Since CH holds there is 7 < u>i such that .D G AT 7 . 

Let C G Z such that N^ n (x c \ x) = 0. 

Apply lemma [3T71 for n. = |x^ \ x\, D m = D for m < n and {a m : m < 
n} = x^\ x. Then, there is % < uj such that 

(Vm < n) a m G Hom(£)(z), /). 
By the construction it means that 

(V77 G x c \ x) (V£ G x \ x) (V(5 G d € ) /((J, 7?) = /(£, 77). 

Claim: q^. U q^ E Q, i.e. / is 1-1 on [Xqj U x^] for all £ E L. 

Let £,rj,£',r}' G i(.(Ui(( with £ < 77 and £' < 77' such that /(£, 77) = 

/(£W)- 

Assume first that {£,77}, {£',77'} G [x^] U [x£,e] ■ Since g^,g^ G Q we 
can assume that {£,77} G [x Ci/ ] \ [x c/ ] and {£',77'} G [x c/ ] \ [x Ci/ ] , (or 
/(£,?/") = f(€',rf) implies {£,7/} = {£',77'}). Then /(£,t/) G /"[x Ci ,x Ci \ x] 
and /(£', 7/) G /"[x c , x c \ x], so t F(Q implies /(£, 77) ^ /(£', r/'). 
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So we can assume that e.g. {£,,rj} ^ [xq/] U [#£i] > i- e - £ e X G,A X anc ^ 
r] G Xf^ \ x. But we know that 

(V5ed (i )f(8,r 1 )=f(Z,r ] ). 

Since / is fc-bounded and |e^| = k we have 

{{?,rf}:ftf,rf)=m,T,)} = {{8,T,}'-8edt}. 

But <ig fl (x<^ U x^J) = {£} because p(S) = /?(£) for each 5 G d%. Hence 
/(£', rf) = /(£ , 77) implies £ = £' and 7/ = rf. D 

Since {g G Q : ( 6 doing} is dense in Q for each (Glwe have that if Q 
is the generic filter in Q and g = UQ, then {g -1 -^} : n G w} is a partition 
of X into countably many /-rainbow sets, which completes the proof of 
Theorem 13.51 □ 

To prove theorem 13.41 we need some more preparation. We will use a 
black box theorem from |1UJ . 

Given a set K and a natural number m let 

Fn m (u;i, K)= {s : s is a function, dom(s) G [wi] , ran(s) C K}. 

A sequence (s a : a < u)\) C Fn m (u>i,K) is dom- disjoint i&. dom(s a )ndom(sy3) 
all a < (3 < uji. 

Let if be a graph on u)\ x ii~, m G u>. We say that if is m-solid if given any 
dom-disjoint sequence (s a : a < ui\) C Fn m (ui, K) there are a < (5 < iO\ 
such that 

[SccSp] C if. 
if is called strongly solid iff it is m-solid for each m G u. 

Black Box Theorem ( [TQl Theorem 2.2]). Assume 2 Wl = u 2 . If H is a 

strongly solid graph on i>j\ x K , where \K\ < 2 Wl , then for each m G oj there 
is a c.c.c poset P of size 002 such that 

yP |_ ujj j g c c c-inclest met ibly m-solid." 

The theorem above is build on a method of Abraham and Todorcevic 
from [2]. 

We need one more lemma before we can apply the Black Box Theorem 
above. 

Lemma 3.9. There is a function r : i>j\ — > u such that for each A,B G 
\u>i\ if r(A) = r(B) then An B is an initial segment of A and B. 

Proof. Let V be a countable dense subset of the product space uj Ui . More- 
over, for each a < u)\ fix a function f a : a — > u. 
Let A = {a , • • • , a n „i} G [^i] w , a < . . . a n _ x - 
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Pick d,A G £> such that d^(aj) = i for each i < |A|. Let 

r(A) = (d A ,(/£(AnaO:*<|4». 

Since the range of r is countable it is enough to prove that if r(A) = r(B) 
then A n -B is an initial segment of A and B. 

Write A = {«« : i < m}, «o < • • • < «„_i, and B = {/3j : j < m}, 
flo < ■ ■ ■ ftm-l- 

Assume that cti = (3j. Then dA(<x%) = i and ds(Pj) = j- Since d& = ds it 
follows that i = j. So r(A) = r(B) yields f^(A n a 4 ) = /^(S n a 4 ). Since 
/ Qi is 1-1 on «j it follows that A fl a, = B fl «j. D 

We will use the following corollary of this lemma. 

Corollary 3.10. There is a function r : uj\ — > uo such that for each A, B G 
[wi] <w i/ min(A) 7^ min( J B) and r(A) = r(S) f/ien AnB = |. 

Proof of Theorem \3.4\ Let A" = (A^ : £ < u>i) be an c^x-chain with / G N . 
Fix the function r from corollary 13.101 above. 

For £ G u;i let p(£) = min{z/ : £ G A^}. 

Let ET = [u;i] x Ui x u. For any function c : co>i — ► u>i define a graph 
i/ c on cui x A" as follows. 

If x, x' G tot x K, x = (C, (d, £, m)), x' = {(', (d', e, m')), ( < (', let {x, x'} 
be an edge in H c provided 
IF 

(1) m = mf, 

(2) p(0 = C, 

(3) C < min d, 

(4) r({(}Ud) = m, 

THEN 

(5) c(S, £') = c(e, £') for each 5,e E d. 

Lemma 3.11. // if c zs 1-solid for some colouring c then c establishes 
Wi7^*[( w i; w i)]fc-6.d.d.- 

Proof. We will show that for all X = {£g : /3 < cui} G [u;i] x and for 

all disjoint family {d a : a < u>i} C [u>i] there are a, /3 < iO\ such that 
maxc^Q, < £g and |c"[efc, {£/?}] | = 1. 

By thinning out and renumerating of the sequences we can assume that 

(1) p(£ Q ) < min p"d a < max p"d a < p(£ a +i) for a < /3 < u>i, 

(2) r({p(£, a ) U da}) = m for some m e w for each a G u>i. 

Let x Q = (p(£ a ), {d a , Ca, m)) for a < wi. Since the sequence ({x a } : a < uii) 
is dom-disjoint, and (l)-(4) hold for each a < (3 < u>i, there are a < (3 < uj\ 
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such that (5) holds for x a and xp because H c is 1-solid, i.e. |c"[d a , {£/?}] | = 1, 
which was to be proved. D 

Lemma 3.12. If c is an A R^ -function and CH holds then H c is strongly 
solid. 

Proof. Let m G u and (E a : a < uj\) C Fn m {u>i, K) be a dom-disjoint se- 
quence. 

Write £L/ a \Xa,i ■ 1 *^ f j) ->Ca,i \S>a,i> yfla.,11 sa,ii ^a,i)) ■ 

We can assume that 
(i) n a>i = m, 

(ii) p(L,i) = Ca 

(iii) C,a,i < min d Q 

(iv) r({( aA } U (d a ,j)) = n*, 

(v) maxp"(i ai j < C/?,j for a < /3 < c^i and i, j < m. 

Let N = {ni : i < m}. For a < uj\ and n G iV put D an = {g^j : n t = n}. 
Claim: D a>n G £> (fc) (cJi)- 
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Indeed, if i ^ j < m and n t = Uj then r({( a ^} U d 



Uj = Uj 



r({C a ,j} U daj) but min({C a ,»,} U d a>i ) = ( aA ^ ( aJ = min({C a j} U d aj -) so 
d a j n d a j = by the choice of the function r. 

(iii) and (v) together give max(UD Q]n ) < min(UD / 3 jn ) for a < (3 < LO\ and 
ne N. 

Tbw &„= (D tin :t<u) eBWfa). 

Since CH holds there is 7 < u>i such that {D' n : n G A^} C A" 7 . Pick 
a < u)\ such that iV 7 fl {£ a j : j < m} = 0. 

Let Dj = D' n for j < m. 

We are going to apply lemma 13.71 as follows: M = (N 7 , Nq : j < m) is 
an elementary m + 1-chain, /, D , . . . , D m _\ G N and £ aj - G A 7 ^ \ Nq_ x for 
j < m, where £_i = 7. Hence, by lemma [3T71 there is £ < u such that for 
each j < m 

(o) ^GHomp, (£),/). 

Claim [x^,x a ] C H c . 

Let i, j < m. We show {x^j, £ a ,j} G i? c . (2)-(4) holds by the construction. 
If Hi 7^ Uj then (1) fails so we are done. Assume that n, = Uj = n G AT. 
Then d Ai G D' n (£) = Dj(£). Thus 

<y6,6'ediJf(6,Z 0hj )=f(6',Z a j) 

by (j°j). Hence (5) holds and so {x£ ti ,x a j} G il c . □ 

Now we can easily conclude the proof of 13.41 
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Let / : [ti>i] — > cji be an AR^^-function. By lemma 13.121 the graph if/ 
is strongly solid. Since GCH holds, we can apply our Black Box Theorem 
to find a c.c.c. poset P such that 

V p \= Hf is c.c.c- indestructibly 1-solid. 

But then, by lemma 13.111 

V p \= f c.c.c-indestructibly establishes u>i-/^*[(u>i',uji)]k-b.d.d.- 

□ 

Proof of theorem li.il Since GCH holds, by lemma [3731 there is an AR( fc )- 
function g : [u>i\ — ► uj\ . By theorem 13.51 there is a set X e \ux\ 1 and a 
c.c.c. poset Q such that 

V® |= X has a partition into countably many g-rainbow sets. 

Let h : uj\ — ► X be a bijection and put f — g oh. Then 

V^ |= cg>i has a partition into countably many /-rainbow sets. 

Since / is an AR( fc )-function as well, we can apply theorem 13.41 to obtain 
that 

V p |= / c.c.c-indestructibly establishes dJi 7 4*[(u; 1 ; u; 1 )] fc _ bdd , 
fro some c.c.c. poset P, which proves the theorem. □ 

Lemma 13.31 and theorem 13.41 give immediately 
Corollary 3.13. uiy^*[(uji; uJi)]k-b<id is consistent with Martin's Axiom. 
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